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Abstract 

The class of quantum integrable systems associated with root systems was in- 
troduced in [OP 1977] as a generalization of the Calogero-Sutherland systems 
[Ca 1971], [Su 1972]. For the potential v{q) = k{k — l)sin~^g, the wave func- 
tions of such systems are related to polynomials in I variables {I is a rank of 
root system) and they are a generalization of Gegenbauer polynomials and Jack 
polynomials [Ja 1970]. In [Pe 1998a], it was proved that the series for the prod- 
uct of two such polynomials is a K-deformation of the Clebsch-Gordan series. 
This yields recurrence relations for these polynomials, in particular, for gener- 
alized zonal polynomials on symmetric spaces. 

The present paper follows papers [Pe 1998a], [PRZ 1998]. In last of them, the 
recurrence relations were used to compute the explicit expressions for A2 type 
polynomials, i.e., for the wave functions of the three-body Calogero-Sutherland 
system. 

As it was shown by Ragoucy, Zaugg and the author of this paper (see [Pe 1999] 
and Appendix B), the similar results are also valid in A2 case for the more gen- 
eral two-parameter deformation ((g, t)-deformation) introduced by Macdonald 
[Ma 1988]. 



^Published in: Proc. Clausthal Conference 1999, Lie Theory and Its Applications in Physics III, 
pp.139-154, World Scientific, Singapore, 2000 

^ Current e-mail address: perelomo@dftuz.unizar.es. 



1 Introduction 



The class of quantum integrable systems associated with root systems was introduced 
in [OP 1977] (see also [OP 1978] and [OP 1983]) as a generalization of the Calogero- 
Sutherland systems [Ca 1971], [Su 1972]. Such systems depend on one real parameter 
K (for root systems of the type An, Dn and Eq, Ey, E^), on two parameters (for the 
type Bn, Cn, and G2) and on three parameters for the type BCn- These parameters 
are related to the coupling constants of the quantum system. 

For the potential v{q) = k{h — 1) sin~^ q and special values of parameter k, the 
wave functions correspond to the characters of the compact simple Lie groups (k = 1) 
[We 1925/26] or to zonal spherical functions on symmetric spaces {k = 1/2,2,4) [Ha 
1958], [He 1978]. At arbitrary values of k, they provide an interpolation between 
these objects. 

This class has many remarkable properties. Here we mention only one: the wave 
functions of such systems are a natural generalization of special functions (hyperge- 
ometric functions) to the case of several variables. The history of this problem and 
some results may be found in [OP 1983]. In [Pe 1998a], it was shown that the product 
of two wave functions is a finite linear combination of analogous functions, namely, of 
functions that appear in the corresponding Clebsch-Gordan series. In other words, 
this deformation (/t-deformation) does not change the Clebsch-Gordan series. For 
rank 1, we obtain the well-known cases of the Legendre, Gegenbauer and Jacobi 
polynomials, and the limiting cases of the Laguerre and Hermite polynomials (see for 
example [Vi 1968]). Some other cases were also considered in [He 1955], [Ja 1970], 
[Ko 1974], [Ja 1975], [Vr 1976], [Se 1977], [KS 1978], [Ma 1982], [Pr 1984], [Vr 1984], 
[HO 1987], [He 1987], [Op 1988a], [Op 1988b], [Ma 1988], [La 1989], [Op 1989], [St 
1989], [KS 1995] and [CP 1997]. In [PRZ 1998], K-deformed Clebsch-Gordan series 
was used in order to obtain the explicit expressions for the generalized Gegenbauer 
polynomials of type A2 what gives the explicit solution of the three-body Calogero- 
Sutherland model. For special values of k = 1/2, 2, 4, these formulae give the explicit 
expressions for zonal polynomials of type A2. 

In [Pe 1999] and Appendix B, are presented analogous results obtained by E. 
Ragoucy, Ph. Zaugg and the author for two-parameter family of polynomials of type 
A2 introduced by Ruijsenaars [Ru 1987] and Macdonald [Ma 1988]. 



^ In some papers, the name Jack polynomials [Ja 1970] is used. However, the Jack polynomials 
are a very special case of polynomials under consideration. So, we prefer to use the name generalized 
Gegenbauer polynomials for the general case and Jack polynomials for the special case. 



2 General description 



The systems under consideration are described by the Hamiltonian (for more details, 
see [OP 1983]) 

1 ' 
H = -p' + U{q), = {p^p) = Y^pI (2.1) 

i=i 

where p = {pi,...,pi), pj = —id/dqj, is a momentum operator, and q = {qi,...,qi) 
is a coordinate vector in the Z-dimensional vector space ^ ~ with standard scalar 
product (■ , ■). The potential U{q) is constructed by means of a certain system of 
vectors R'^ = {a} in V (the so-called root systems): 

U = ^ gl^iqa), qa = ia,q), = /««(/««- 1), = 9/3, ii {a,a) = 

a£R+ 

(2.2) 

Such systems are completely integrable for potentials of five types (see [OP 1983] for 
Ai; [HO 1987], [He 1987], [Op 1988a], [Op 1988b] and [Op 1989] for a general case). 
They are a generalization of the Calogero-Sutherland systems [Ca 1971], [Su 1972] 
for which {a} = {cj — ej}, {ej} being a standard basis in V. 

In this paper, we consider in details only the case of A2 with potential v{q) = 
sin~^ g. For the description of other cases see [Pe 1999]. 

3 The Clebsch— Gordan series 

Let us recall the main results of [Pe 1998a] and specialize them to the A2 case with 
potential v{q) = sin~^ q. 

The Schrodinger equation for this quantum system has the form 

H^^ = EiK)<il^; H = -A2 + Uiq,,q2,q3), ^2 = $^^ (3.1) 

j=i ^^j 

with potential 

U{qi,q2,q3) = - 1) (sin"^(gi - gs) + sin"^(g2 - gs) + sin"^(g3 - gi)) . (3.2) 
The ground state wave function and its energy are 

\j<k / 

Substituting \E'^ = $^ \E'[j in (|0|), we obtain 

-A'^<l>^ = £A(/t)$A, A'^ = A2 + A^, ex{K)=Ey^{K)-E^{K). (3.4) 



Here the operator takes the form 

A-.gcotte-*)(|--|-). (3.5) 

It is easy to see that the set of symmetric polynomials in variables exp{2iqj) is in- 
variant under the action of A**. Such polynomial mx is labelled by the SU{3) highest 
weight A = mXi + nX2, with m,n being non-negative integers, and Ai^2 being two 
fundamental weights. In general, 

n = J2 ('^) ^ e = E e'^^'''^ (3-6) 

where P"*" denotes the cone of dominant weights, W is the Weyl group, and C^(k) 
are some constants. 

As it was shown in [Pe 1998a], the product of two wave functions is a finite sum 
of wave functions (a sort of the K-deformed Clebsch-Gordan series): 

E (3.7) 

In this equation, D^j^{\) — (D^ -|- A) fl P+, where is a weight diagram of the 
representation with the highest weight fi. 

Since are symmetric functions of exp{2iqj), it is convenient to use a new set of 
variables: 

2:^ — g2i(iji+(j2) _|_ g2j((j2+93) _|_ g2i(q3+qi)^ (3-8) 
2;^ — g2i(gi +92+93) _ 

In the centre-of-mass frame 5i = 0), the wave functions depend only on two 
variables chosen as zi and Z2 (in this case, Z3 — 1). In these variables, up to a 
normalization factor, we have 

A-^ = {zl - 3z2) dl + {zl - 3^1) dl + {z^Z2 - 9) 8182 + (3« + 1) {z^8^ + Z282), (3.9) 

where di = d/dzi. Corresponding eigenvalues are 

Srn,n{l^) — "1^^ -\- -\- "i^n -\- Z K{m -\- n). (3.10) 

We shall use the normahzation for polynomials such that the coefficient at the 
highest monomial is equal to one. Denoting them by P^ „, we have 

Cn(^i, ^2) = E ^'rnl{^^) ^2 = 4 + lower terms, (3.11) 



with p + q > m + n and p — q = m — n (mod 3). As it is easy to see, the first 
polynomials are 

^0,0 = 1> ^1,0 = ^0,1 = ^2- (3-12) 



Simple consequences of (|3.7|) for = Pf q or Pq^ are [Pe 1998] 



where 



^2 -Pm,n ~ -^m,n+l + ^m,nil^) Pm-l,n + C„(/t) , 
'^m,n('^) ^71, m('^) C^, (/t) Cm+n+K (^) ; 



e(mj m 
Cm(/«) = ^ — ^ r, e(m) 



(3.13) 



(3.14) 



e{K + m) m — 1 + K 

Below we shall construct such polynomials using these recurrence relations. 

4 A2 case 

Now we proceed to the case of A2 ~ su{3). In this case, the representation d of A2 
is characterized by two non-negative numbers d = dmn- We have two fundamental 
representations 

dio, doi; (dimdio = dimc/oi = 3), 
and also representations 

dno, don, f dimrf^o = dimrfon = ^ (^ + 1)(^ + 2) 



dni (^dim dni = (n + 1) (n + 3)^ , d^n [dim d^n = {n + I] 
We start with the Clebsch-Gordan series 

dio (8> dn+1,0 = rfn+2,0 © dn,i, 

doi ® dnO = dn,l © dn-l,Q. 

Excluding dn,i, we obtain 

dn-1,0 © {doi ® dno) © {dio © dn+1,0) © dn+2fi = 0, 



(4.1) 



or 



Xn~l,0 — Z2 Xnf) + Z\ Xn+1,0 — Xn+2,0 — 0, 



(4.2) 



where are introduced the notations: 



(4.3) 



Prom this, we obtain the expression for the generating function 

CO 

n=0 

F^{zi,Z2;u) = {1- ziu + Z2u'^ -u^y^ . (4.4) 

Let us define now the K-deformed functions P^q{zi, Z2) by the formula 

00 

F^{z,, Z2; u) = {l-z,u + Z2u'- u^) '" = J2 PnM^ ^2) (4.5) 

n=0 

Differentiating F'^ on zi and Z2, we get 

Fl^ = k{zi- 2z2 u + 3^2) F'^+\ 

F;'^^^^ = -k{k^ \)u^ uF^ = k {ziu - 2 ^2-"^ + 3 u^) F^+\ 

and 

(1 - ziu + Z2u'^ - u^) F^ = k{zi-2z2U + 3 u^) F". (4.6) 
From this it follows the important recurrence formula 

{n + 3) P„\3,o = (n + 2 + k)zi P^^^^q - (n + 1 + 2«)z2 P„\i,o + (ri + 3«) P„,o. (4.7) 
We have also 

P;^ = Ku F^+^ , P;^ = - Ku'' F^+' . (4.8) 

Hence 

a pK _ DK+i a pK _ _ ^(^ ~ ^) p«+i ^4 n^ 

Finally we have the basic differential equation for F'^{zi, Z2', u): 

( {Dl + Dl + D,,D,,) - 3 Z2dl - 3 z^dl - 9 + 3 k{D,^ + P>,J) P« 

= {dI + 2,kDu)F''{z^,Z2]u)- 

Dzi = ^1 , -0^2 = ^2 dz2, Du^u du- 

Let us note that the normalization of polynomials P^q{zi,Z2) follows from the 
expression (4.5) for the generating function. Namely, 

P^oizu -2) - ^ -1 + • • • = ^ PU^u Z2), (4.10) 



where 

(k)„ = {k){k + 1) ■ ■ ■ {k + n - 1). 

The main property of this normahzation is that P^q{zi,Z2) has a polynomial 
dependence on the parameter k. 

Now we shall consider other Clebsch-Gordan series for k = 1: 

dl,0 ® dn+1,0 = dn+2,0 ® <^n,l- 

According to [Pe 1998], the analogous formula is valid for an arbitrary value of ac, i.e., 
Here 

an = K + n + l, + 

and we have 

cn{>^) P:,i = {'^ + n + l)z, P„\i,o -{n + 2) P^^,^,. (4.12) 

Let us calculate now the generating function for both left-hand and right-hand 
sides of this equation. 



n=0 



(4.13) 



where 



and 



Finally, 



^ ^(F«-i) + ^Fr-l(Fr-/.^i«), 

u u 



Fo = E ^n,0 = E ^ ^n,0 = Du i^o^ 

n=0 n=0 



G"^ = ^ (fi:^iii - (1 - z,u)D^) Fo^ 



G"" = K {2z2 - (ziZ2 + 3)u + 2 ziu^) F^+\ (4.14) 
Prom this, it follows three-term recurrence relation 

p:,i = (2 ^2 - (^1^2 + 3) p^^i, + 2 z, P:^i,) . 

Now let us follow [PRZ 1998] and construct the general polynomials in terms of 
the simplest polynomials (Jack polynomials) P^q and Pq^- We get 

min(m,n) 

pK pK ^ i pK /A T rC\ 

m,0 0,n / J im,n m—i,n—i' \ / 

i=0 



This is a consequence of equation ( ^.7| ), with the notable difference that the sum on 
the right-hand side is over a restricted domain (actually, it parallels exactly the SU (3) 
Clebsch-Gordan decomposition) . 

To prove this, let us assume that ( |4.15| ) is valid up to (m,n). Then using ( p.l3| ) 
and ( p.l4| ), we get 

min{m,7i+l) 

^m,0^0,n+l~ ^ ] 7m,n+l -^m-j.n+l-j "I" ^m,n+l -Pm+l-i,n-l-i5 (4.16) 
i=0 

where we defined 

7m,n+l ~ 7r)i,n ~^ ^m,-i+l,n-i+l 7m,n ~ '^n Cjn-i+1 7m,n-l' i^-^'^) 

ri — \ % % % — \ 

"m,n+l ~ ^n-i lm,n ~ 7m,n-l ~ '^m-i+l,n-i 7m,n-l 

+ C„„i C«+„_l 7^n-2- (4-18) 

From the polynomial normalization, we already know that = 1. After a straight- 
forward computation, the solution to (^4.17|) proved to be equal 



V = e(2/t + m + n + l-0_, 

e(l),e(m+l)_,e(n + !)_,' ^ ' ^ 

where 

m 

em = . 

^ ' m-l + K 

It implies that = in (^18|) . Let us give also the more explicit expression^ 



. ^ (K)^(m)^ (n)^ (3ft: + m + n - 1 - i)^ 

z!(K + m-l)i(/c + n-l)i(2fi:-Fm + n-i), ' ^' ^ 

where 

{xY = x{x + l)---{x + i-l), 
(x)j = x(a; — 1) ■ ■ ■ (a; — i + 1). 

The constructive aspect of this formula is in its inverted form. 

Theorem 1 [PRZ 1998]. The generalized G eg enbauer polynomials P^j^ of type A2 
are given by the formula 

min{m,n) 

^m,n ~ ^ ^ Pm,n ^m-i,0 ^0,n-i 5 (4.22) 
i=0 



^ Note that this expression for 7^ „ may be obtained from the general Macdonald formula [Ma 
1995], however, the way of proof given in [PRZ 1998] is more convenient here. 



where the constants (3J^ „ are 

pi ^ (-1)' 3k + m + n - 2i (m)^ {n)i (/t)^ (3/t + m + n - 1)^ 

"^'^ 3k + m + n — i (/t + m — l)j(/t + n — l)i(2/t + m + n — l)j 

Note that „ are obtained by using of the relation 

i-l 

3' = - V 0^ 7'"^' . . (A 24) 

ym,n / J r^m,n lm—j,n—j \ J 

3=0 

From this theorem, we see that the construction of a general polynomial „ is similar 
to the construction of SU (3) representations from tensor products of two fundamental 
representations. 

Likewise, we can consider other types of decompositions, such as 

min(m,ra) 

^mfl-Pn,0~ lm,n-^m+n-2i,i- (4.25) 

i=0 

The proof is analogous to ( [4. 151 ) (see footnote 3). The coefficients „ are given by 
the formula 

~i ^ jf^y i2K + m + n-l-i)i 

i\ {k + m — l)i (k + n — l)i (k + m + n ~ i)i 

Theorem 2 [PRZ 1998]. There is another formula for polynomials ^ atm>n: 



Im 



pK ^ ni pK pK fA r)rr.\ 

\-n,n m,n / j rm,n m+n+i,0 ra— j,0' ys..^^ i j 



i=0 

•where 



ai ^ (-1)' . N ("-^ + 20 (K + m + ny {my {n)i 

i\ ^ m {m + n+iy {K + m + iy {K + n-iy ^ ^ ^ 



This theorem follows directly from equation ([4.25|) . The coefficients „ are found 
by using of the relation 



i-l 



3' = - (^"~* • ^ 3^ (4 2^) 

r^m,n \ I rn+n+i,n—i J / j r'm,n lm+n+j,n—j' \ J 



j=0 



As a by-product, let us specialize equation (^4.22|) to the 1, where P^ ^ 

are nothing but the SU{3) characters. We get 

-Pm,ri — P-mfi -^0,™ ~ P-m-lfl Po,n-l- (4.30) 



From this, we easily deduce the generating function for SU (3) characters (see e.g. 
[PS 1978]) 

G\u,v)^ y u^v^P^^^- ^ ^. (4.31) 

in,n=0 ^ ' ^ ' 

Closing this section, let us note that for k—1/2, 1, 2 and 4, the obtained formulae 
yield the explicit expression of zonal polynomials for certain symmetric spaces listed 
below. 

Let us mention also the papers [CP 1997], [Pe 1998b] where the integral represen- 
tations for the case N=3 were obtained. 



Appendix A. List of polynomials with m + n < 4 

Following [PRZ 1998], we list here the polynomials with m + n < 4: 

2 



3 

~ 2«; + l' 

6 6 

^ («; + l)(«; + 2)' 

2 2 3k + 1 

(«+l)2^'' 

12 2 12 2 24 

1^ ^^""^ ^ («; + 2)(/€ + 3) ^ (/« + 2)(/« + 3) 

6 2 3(3fi; + 2) 2 30 
~ K + 2 ^^^^ ~ (K + 2)(2/t + 3) ^ («; + 2)(2fi; + 3) 
2 .3 I .3^ 12(k-1) ^ ^ I 9(/.-l) 
^ ^ 1^1 + ^ ^^^2«: + 3) ' ' ^ (« + 1)2(2«: + 3) ' 

Appendix B. Some formulae for Macdonald polyno- 
mials for A2 case (by A.M. Perelomov, E. Ragoucy 
and Ph. Zaugg) 

Here we give only some necessary for us information. For other results and details, 
see [Ma 1995]. 

The Macdonald polynomials of type A2 may be defined as polynomial eigenfunc- 
tions of the Macdonald difference equation 

P^fJixi, X2, X3) = A Pj^fJixi, X2, X3), Pm,n = z^ + lower terms, (B.l) 



pn _ 2 _ 

-'2,0 ~ Zi 

Pi I = Z1Z2 

pii _ ^3 _ 

^2,1 = ^1^2 

pK _ „4 _ 

^4,0 — ^1 

^3,1 = ^1^2 

-^2,2 — Z,iZ2 



Zi = Xi + X2 + X3, Z2 = X1X2 + X2X3 + X3X1, Z3 = X1X2X3, 

where 

M'^Yl fe^^ T„ Ti /(xi, a;2, 0:3) = /(gxi, 0:2, xa), . . . . (B.2) 

The Macdonald polynomials satisfy the following recurrence relation 

z, Pj^;l\z,, Z2, Z3) = pS,„ + a^,„(g, t) P}^;t, + t) pS,„+i, (B.3) 

where 

r (nf) - i^-r){l-t'q-') 



Note that 

Cm{q, 1) = Cm{q, q) = 1, C„+n(g, 1) = C„+n(g, = 1- (B.5) 

Now let us consider the case t = q^, k being an integer. In this case, the explicit 
expression for the generating function of polynomials pJ^q = P^^^ has the form 

k-l 



j=0 



G^'\u) = Y.^lP!;tiu\ (B.6) 

C'n = 1^, [x\^^[x\[x + l\---[x + n-ll N-^"^"^ 



Prom this we get a three-term recurrence relation being analogous to (4.7) 

[n + 1] Pl:^, = [k + n] z, PI: - [2A; + n - 1] Z2 P^i + [3A; + n - 2] Z3 P,'_2, (B.7) 
which follows from the recurrence relation 

(1 - ziu + Z2U^ - Z3U^) G^''\u) = (1 - ziuq^ + Z2U^q^^ - Z3U^q^^) G{qu). (B.8) 
Prom here, we obtain 

p« _ 1 pn_ r^l ^ pn _ 2 [2«:] 5 _ [l]m p 



Let us give also the formula for the generating function for the case of arbitrary t: 

3=0 ^ ^ ' 3=0 

Using the results from the book [Ma 1995], it is not difficult to get the formulae 

min (m,n) 

^ m,0 0,n / ^ im,n m—i,n-i ' yi->.j.\j) 

i=0 



where 



and 



where 



^'"•^ {q;qh{q-^-H;q-^),{qn-H;q-^)i{q-^+n-it2.q-^y ^ ' ' 

min (m,n) 

p{9.*) p(9.*) _ p(9.t) 1 9^ 



(g;g),(g— it;g-i),(g"-ii;g-i),(g-+"-t;g-i)r ^ ' ^ 

Inverting formulae (B.IO) and (B.ll) as in the [PRZ 1998], we come to 
Theorem la. The Macdonald polynomials Pmfi of type A2 are given by the formula 

min(m,n) 

p{q,t) _ oi p{q,t) p{q,t) /g 

where constants have the form 

(+■ n~^\ 1 — /7m+n-2i j.3 
oi ^ / ^(^-l)/2 j ^ g t 

In similar way, we get 

Theorem 2a. The Macdonald polynomials Pmfi of type A2 are given by the formula 

n 

lm+n,nPm,n ~ i^m,n ^rn+n+i.O -^n-ilo' m>n (B.15) 

where constants ^ are hy formula (B.13), and 

^'"■^ ^ (g;g)i (i-g'") (g-+-+^g),(g-+ii;g)i (g"-4;g-i)/ 

(B.I6) 



From Theorems la and 2a, many interesting identities may be obtained. Here we 
give one of them: 

ok ^ . Y i(i-i)/2 [3fc + n - 2i] (^ [k-3 + l] [3k + n - j] 

~U + [^k + n-l-i-j-l] \ _ 



X 



where [n] = (1 — q^)/{l — q). 

The simplest version of this formula is 



1=0 

We give below the list of polynomials Pm,'n at m + n < 4 

p(9.*) _ 1 p(9.*) _ ^ p(9,*) _ „ 

^0,0 — ^1,0 — ^l! — ^2, 

pfet) _ 3 {l-q){2 + q + t + 2qt) , (j - + + ^ + 1^) 



>(9>t) 
2,1 



^^'^ " ^^^^ l-gi {l-qt)\l^qt)'^'^' 

p,„.; _ 4 (l-g)(3 + 2g + g^ + t + 2gt + 3g^t) ^ 

(l-g)2(l + g + g2)(l + t)(l + gt) ^ 

(l-g2t)(l_g3^) ^2 

(1 - qf{\ + q){2 + q + q'^ + t + 2qt + qH + t^ + qt^ + 2qH'^) 
^ {l-qH){l-qH) 

^^'^ - ^^^^ ^^^^"(l-g2t)(l-g3t2) ^1^3 



2 



(l-g2t)(l-g3t2) 

X (2 + 2g + g^ + 2t + Aqt + 3g^t + g^t + 
3qf + AqH^ + 2qH'^ + qt^ + 2qH^ + 2qh^) Z2Z^] 



-^2,2 — ^1^2 -j^ _ 1^2 + ^1^3) 

(1 - 5)(3g + g2 - 3i + 2qH + qH -t^ - 2qt^ + ZqH"^ - qt^ - SqH^) 

{I - qt)il - qH^) 
(1 - qfjl + q){l + t + t^){q-t + qH - qt^ + qH'^ - qH^) ^ 
^ {I - qt){l - qH'^){l - qH'^) 



^1^2^3 
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